Abstract. We give a classification of non-removable isolated singularities for real analytic solutions of the prescribed mean curvature equation in Minkowski 3-space.
Introduction
In this paper we study non-removable isolated singularities of the following quasilinear, non-uniformly elliptic PDE in two variables: and do not extend smoothly to the puncture. The radius ρ of Ω is irrelevant here, since we will consider two solutions z 1 , z 2 in the above conditions to be equal if they coincide in a punctured neighborhood of (x 0 , y 0 ). Our aim is to describe in detail the asymptotic behavior of elliptic solutions z(x, y) to (1.1) around such a non-removable isolated singularity, and to classify the associated moduli space.
In [2] Bartnik proved that if z(x, y) is an elliptic solution to (1.1) that presents a non-removable singularity at the origin, then it has a conelike behavior: z extends continuously to the origin (say, z(0, 0) = 0), and lim (x,y)→(0,0) |z(x, y)| x 2 + y 2 = 1, i.e. z(x, y) is asymptotic at the origin to the upper or lower light cone; see e.g. Figure 1 for an example of this situation.
The case H = 0 in (1.1) corresponds to the well-studied situation of maximal surfaces in L 3 . A description of the asymptotic behavior of maximal surfaces around non-removable isolated singularities was obtained by Fernández, López and Souam through the Weierstrass representation of such surfaces, see Lemma 2.1 in [8] . For other works about isolated singularities of maximal surfaces, see [5] , [15] , [7] , [6] , [14] , [21] .
In the constant mean curvature case we refer to [3] and [20] for previous results concerning singular surfaces.
Our main result in this paper gives a classification of the elliptic solutions to (1.1) that have a non-removable isolated singularity at the origin, in the case that H = H(x, y, z) is real analytic and the curvature of the graph z = z(x, y) in L 3 does not vanish around the singularity:
3 be a neighborhood of some point p 0 = (x 0 , y 0 , z 0 ), and let H ∈ C ω (O), H > 0. Let A 1 denote the class of all elliptic solutions z(x, y) to (1.1) that satisfy the following conditions:
(1) z ∈ C 2 (Ω), where Ω ⊂ R 2 is some punctured disk (of any radius) centered at (x 0 , y 0 ).
The Hessian determinant z xx z yy − z 2 xy does not vanish around (x 0 , y 0 ). Here, we identify two elements of A 1 if they coincide on a neighborhood of (x 0 , y 0 ).
Then, there exists an explicitly constructed bijective correspondence A 1 → A 2 between the class A 1 and the class A 2 of 2π-periodic, real analytic, nowhere vanishing functions A(u) : R → R \ {0}.
Let us make some comments about this theorem. The correspondence A 1 → A 2 in the statement of Theorem 1 associates to each solution z(x, y) a function A(u) ∈ A 2 that describes the asymptotic behavior of the solution at the singularity, when we parametrize the graph z = z(x, y) with respect to adequate conformal coordinates (u, v). The injectivity of the bijective correspondence A 1 → A 2 implies that A(u) uniquely determines the solution z(x, y), while surjectivity gives a general existence theorem for non-removable isolated singularities to (1.1).
We should note that the real analyticity of H is used in the proof in order to ensure the previous existence and uniqueness properties. However, in the proof of Theorem 1 we will also provide a detailed description of the asymptotic behavior of the solution z around a non-removable singularity, in the general case that H is only of class C k,α . The fact that z ∈ C 0 (Ω) in condition (2) of the statement of Theorem 1 follows from ellipticity. Hence, this second condition simply prescribes, for definiteness, that the continuous extension to z to the puncture has value z 0 .
Condition (3) in the statement of Theorem 1 is equivalent to the property that the Gaussian curvature of the graph z = z(x, y) does not vanish around the singularity. We should point out that all known examples of non-removable isolated singularities of (1.1) (in particular, all examples given by the existence part in Theorem 1) have the property that their Gaussian curvature blows up at the singularity. In this sense, it is tempting to conjecture that Theorem 1 should still hold without this curvature condition.
The proof of Theorem 1 is inspired by ideas developed by the authors in their previous works [10, 11] on isolated singularities of elliptic Monge-Ampère equations, and depends on a blend of ideas from surface theory, complex analysis and elliptic theory. The basic idea is to reparametrize the graph of any solution to (1.1) with respect to adequate conformal parameters, so that the punctured disk where the graph is defined transforms under this reparametrization to an annulus (with one boundary component of the annulus corresponding to the singularity), and so that (1.1) transforms under this process to a quasilinear elliptic system. In these new coordinates, we will solve a Cauchy problem for this quasilinear elliptic system with adequate initial data, and the solution will provide the desired results about existence, uniqueness and asymptotic behavior of the solution.
We should also observe that there are crucial differences of the situation treated in this paper with respect to our previous works [10, 11] on elliptic Monge-Ampère equations. In fact, even though (1.1) is quasilinear, it is not uniformly elliptic. More specifically, in our situation the uniform ellipticity condition is lost precisely at the isolated singularity, and this is a source of considerable complication, specially in the characterization of the conformal structure of a non-removable isolated singularity to (1.1).
Another difference with respect to previous works concerns the role of limit cones. Indeed, any elliptic solution to the Monge-Ampère equation det(D 2 u) = f (x, u, Du) has positive curvature, and it converges to a limit convex cone at any non-removable isolated singularity, see [10] . This cone describes the asymptotic behavior of the solution at the singularity. In contrast, any solution to (1.1) is asymptotic to the light cone, so in this case the tangent cone at the singularity does not distinguish different solutions of (1.1). In this sense, some other object other than tangent cones was needed in order to describe the moduli space of nonremovable isolated singularities of (1.1).
We have organized the paper as follows. In Section 2 we introduce basic geometric notions and equations regarding spacelike surfaces of prescribed mean curvature in L 3 , when parameterized with respect to conformal parameters. In Section 3 we prove that if z(x, y) is a solution to (1.1) with an isolated singularity at the origin, and whose Gaussian curvature does not vanish around the singularity, then the singularity is removable if and only if the associated conformal structure of the graph z = z(x, y) is that of a punctured disk. This is the only place of the proof where the curvature condition (3) in Theorem 1 is needed.
In Section 4 we will introduce a special conformal parametrization (u, v), defined on a horizontal quotient strip, around any non-removable isolated singularity of (1.1), and we will show that the asymptotic behavior of the solution around the singularity depends on a certain periodic real function A(u). This will allow us to define the map A 1 → A 2 in the statement of Theorem 1.
In Section 5 we will show how to reverse this process, by constructing from a real analytic periodic real function A(u) an associated solution to (1.1) with a non-removable isolated singularity. Finally, in Section 6 we will gather the results of the previous sections to prove Theorem 1, and we will discuss some consequences and particular examples. 
Equivalently, the surface is spacelike if its tangent plane is a spacelike plane of L 3 at every point. A spacelike surface in L 3 is locally a graph with respect to any timelike direction of L 3 ; in particular, we may view ψ around each point p ∈ M as a map ψ(x, y) = (x, y, z(x, y)) where the graph function z satisfies z 2 x + z 2 y < 1 at every point due to the spacelike condition.
If ψ : M → L 3 is a spacelike surface, we will denote its upwards-pointing unit normal vector field as
Note that G takes values in the hyperbolic space H 2 , and so it is a unit timelike vector field at every point. The Gauss map of ψ is given by the composition
where π :
is a spacelike surface, we can regard naturally M as a Riemann surface with the conformal structure determined by its induced metric ds 2 . Let w = u + iv be a conformal parameter on M , so that ds 2 = Λ|dw| 2 for some positive function Λ. It is well known then that ψ satisfies in terms of the conformal parameters (u, v) the quasilinear elliptic system
where × is the standard cross product in L 3 , given by a × b, c = −det(a, b, c), and H is the mean curvature function of the surface.
In [1] Akutagawa and Nishikawa studied the Gauss map of a conformally parametrized spacelike surface in L 3 in terms of its Gauss map. In particular, if w = u + iv denotes a complex conformal parameter for a spacelike surface ψ : M → L 3 , it was proved in [1] that the Gauss map g and the mean curvature H of ψ satisfy the complex elliptic PDE
In particular, if H is a constant different from zero, (2.4) reduces to (2.5)
that is, g : M → D becomes a harmonic map into the Poincaré disk. Akutagawa and Nishikawa also gave in [1] a Weierstrass-type representation formula for conformally immersed spacelike surfaces ψ : M → L 3 of non-zero mean curvature that allows to recover the immersion ψ in terms of its Gauss map g and its mean curvature function H as (2.6)
Assume now that the spacelike surface ψ :
1,α by [17] ). In this situation, by the uniformization theorem for nonanalytic metrics [18] we know that the change of coordinates
that relates the parameters (x, y) with the conformal coordinates (u, v) is a C 2 diffeomorphism with positive Jacobian. Also, if we denote
y > 0, and view a, b, c, Σ as functions depending on the coordinates (u, v) via the inverse change Φ −1 , the following equivalent Beltrami systems are satisfied (2.9)
Note that if U ⊂ R 2 is a punctured disk, G will be a domain in R 2 ≡ C that is conformally equivalent to either the punctured disk or a certain annulus.
3. Removability of isolated singularities of prescribed mean curvature
with upwards-pointing unit normal. We say that ψ has prescribed mean curvature H if the mean curvature function H of ψ satisfies H(p) = H(ψ(p)) for every p ∈ M .
Note that if a spacelike graph (x, y, z(x, y)), (x, y) ∈ U ⊂ R 2 , has as a prescribed mean curvature a locally C k,α function H then z(x, y) is a solution to (1.1) that satisfies the ellipticity condition z
From now on we will work with solutions z(x, y) to (1.1) in a punctured neighborhood of the origin. Observe that in this case the ellipticity condition z 2 x + z 2 y < 1 implies that z(x, y) has a continuous extension to the origin. Hence we will suppose that z(0, 0) = 0, the open set O ⊂ L 3 contains the origin and z(x, y) is defined over a punctured disk Ω = {(x, y) : 0 < x 2 + y 2 < ρ 2 }. The following lemma concerns the asymptotic behavior of the gradient of z.
(Ω) be an elliptic solution to (1.1) defined on the punctured disk Ω ⊂ R 2 , and assume that the Gaussian curvature of the spacelike graph z = z(x, y) in L 3 does not vanish around the singularity. If the singularity at the puncture is non removable, then the map µ into the open unit disk given by µ(x, y) = (z x (x, y), z y (x, y)) is univalent and proper in a closed punctured neighborhood of the origin.
Proof. Since the Gaussian curvature of the graph z = z(x, y) does not vanish around the origin, it follows that µ is a local diffeomorphism in a punctured neighborhood of the origin. On the other hand, as observed in the previous section, z ∈ C 3 (Ω), and since the singularity of z is not removable, a theorem by Bartnik (cf. [2] ) states that the graph of z must be asymptotically tangent to the upper null cone
or to the lower null cone
Therefore, there exists an R > 0 and an annulus A = {(p, q) ∈ R 2 : R 2 < p 2 + q 2 < 1} such that the map µ : µ −1 (A) −→ A is a covering map. Finally we are going to prove that the number of sheets of the covering µ is equal to 1. As mentioned before, the graph of z is tangent to one of the null cones at the singularity, so assume, for instance, it is tangent to N 2 + . Then, for all ε > 0 small enough, the curve γ ε = {(x, y, z(x, y)) : z(x, y) = ε} is embedded and its degree is equal to 1. Moreover, the vertical projection of the upward unit normal G(γ ε ) = (
)(γ ε ) to the graph is perpendicular to the planar curve γ ε . Thus, the degree of µ/|µ| is equal to 1 and an elementary topological argument gives us that the number of sheets must be 1.
Let ds
2 denote the induced metric of the graph z = z(x, y) as a spacelike surface in L 3 . By uniformization, (Ω, ds 2 ) is conformally equivalent to either the punctured disk D * , or to some annulus A r = {ζ ∈ C : 1 < |ζ| < r}.
The next lemma is a removable singularity result. It relates the conformal structure of (Ω, ds 2 ) to the possibility that the solution z(x, y) extends smoothly across the puncture.
Lemma 2. Let z ∈ C 2 (Ω) be an elliptic solution to (1.1) defined on the punctured disk Ω ⊂ R 2 , and assume that the Gaussian curvature of the spacelike graph z = z(x, y) in L 3 does not vanish around the singularity. If (Ω, ds 2 ) is conformally equivalent to a punctured disk, then the function z(x, y) extends C 2 -smoothly across the puncture. That is, z has a removable singularity at the puncture.
Proof.
We prove next that µ ∈ W 1,2 (D * ). By using (1.1) and (2.9) we have that
Let Ω Ω be a domain and consider ε > 0 such that Ω ⊂ A ε := {(x, y) : ε < x 2 + y 2 < ρ 2 }, then we can estimate (3.1)
By Stokes' theorem applied to the vector field
for a certain constant C 0 > 0, where ν is the exterior unit normal to ∂A ε and we have estimated | (p, q), ν | ≤ 1.
On the other hand, by (1.1),
With all this we deduce that
Thus, since H is smooth in O, if we let ε → 0 and recall that p 2 + q 2 < 1 by ellipticity, we may conclude that the first integral in the last line of (3.1) is bounded from above by a constant independent of Ω .
On the other hand, by Lemma 1, we can use a change of variables to get
where A is the annulus {(p, q) ∈ R 2 : R 2 < p 2 + q 2 < 1} given by the proof of Lemma 1. In particular, the second integral in the last line of (3.1) is bounded by an universal constant.
This proves that 
where C(0, τ n ) denotes the circle of radius τ n centered at the origin. That is, the sequence of closed curves { µ(C(0, τ n ))} contained in the unit disk has a subsequence collapsing into a point (p 0 , q 0 ) of the closed unit disk when τ n goes to zero. This contradicts Lemma 1 and completes the proof of Lemma 2.
Non-removable isolated singularities
In this section we will study the asymptotic behavior at an isolated singularity of elliptic solutions to (1.1). More specifically, along this section, z ∈ C 2 (Ω) will be an elliptic solution to (1.1) with z(0, 0) = 0. We will suppose that the conformal type of the Riemannian metric (Ω, ds 2 ) of the spacelike graph z = z(x, y) in L 3 is that of an annulus (i.e. (Ω, ds 2 ) is not conformally equivalent to a punctured disk). Observe that, since the conformal structure is that of an annulus then z(x, y) does not extend C 2 -smoothly to the origin. Also, note that, by Lemma 2, the condition of being a conformal annulus is guaranteed when z satisfies that z xx z yy − z 2 xy does not vanish around the puncture, and z does not extend smoothly to the the origin.
Let (u, v) denote conformal parameters for (Ω, ds 2 ); since (Ω, ds 2 ) is conformally an annulus, we may assume that (u, v) vary in the conformal quotient strip Γ R = {w ∈ C : 0 < Im w < R}/(2πZ) for a certain R > 0. In this way, we can parametrize the graph {(x, y, z(x, y)) : (x, y) ∈ Ω} as
Note that ψ extends continuously to R/(2πZ), with ψ(u, 0) = (0, 0, 0) for every u. Thus, we are identifying the isolated singularity at the origin with the circle {(u, v) : v = 0}/(2πZ) in the conformal parametrization. As explained in Section 2, this identification is defined by means of the diffeomorphism Φ in (2.7). For convenience, the union of the annulus Γ R with its boundary given by R/(2πZ) will be denoted by Γ R ∪ R.
A boundary regularity lemma.
Observe that since ψ is a conformal immersion of prescribed mean curvature H, we get from (2.3) that ψ satisfies the elliptic quasilinear system
We use (4.2) to prove the following boundary regularity lemma:
Lemma 3. In the conditions above, assume that
Proof. It is well-known that since ψ(u, v) is of class C 2 (Γ R ) and H is of class C k,α (O), from the elliptic equation (2.3) we have that ψ(u, v) is in fact of class C k+2 (Γ R ). In order to check the differentiability at the boundary we will follow a bootstrapping method. Consider an arbitrary point of R, which we will suppose without loss of generality to be the origin. Also, consider for 0 < δ < R the domain
lead respectively to
From here, (4.2) and the fact that H is bounded yield
for a certain constant c > 0. Thus, we can apply Heinz's Theorem in [13] to deduce that ψ ∈ C 1,α (D + ε ) for all α ∈ (0, 1), where
Hence the right-hand side of (4.2) is of class C 0,α (D + ε ), from where a standard potential analysis argument (cf. [12, Lemma 4.10] ) ensures that ψ ∈ C 2,α (D + ε/2 ). A recursive process proves then that ψ is of class C k+2,α at a neighborhood of the origin. As we can do the same argument for all points of R and not just at the origin, we conclude that ψ ∈ C k+2 (Γ R ∪ R). In particular, if H ∈ C ∞ we have that ψ ∈ C ∞ (Γ R ∪ R). To finish the proof, let us note that
. This is a direct consequence of (4.2) The next result analyzes the geometric properties of this limit null curve. Proof. Using (2.9) we obtain
where we are denoting p = z x , q = z y . Hence, from (4.2) we deduce that
Observe that from Lemma 1 there exists ε > 0 such that p 2 + q 2 ≥ ε > 0 close to the origin. Moreover, because of Lemma 3 we obtain from (4.4) that (4.5) |∆z| ≤ C|∇z|, for a certain constant C > 0. We can now prove that b(u) = 0 ∀u ∈ R. Arguing by contradiction, assume there exists a point u 0 ∈ R such that b(u 0 ) = 0. Then,
From here, a standard nodal result (cf. Corollary 2 in [19] ) applied to (4.5) leads to the existence of two crossing nodal curves for z(u, v) at (u 0 , 0). One of these curves could be the real axis, which corresponds to the isolated singularity in this conformal parametrization. The existence of a second nodal curve gives a contradiction with the fact that the graph z = z(x, y) converges asymptotically to either N 2 + ∪ {0} or to N 2 − ∪ {0} at the origin, by Bartnik's theorem (cf. [2] ). This proves that b(u) = 0 for every u ∈ R.
Next we will prove that b(u) is a regular spacelike curve. Denoting w = u + iv, let us define
From (2.6) we have
Hence, as b(u) ∈ N + ∪ N − and so 2z w (u, 0) = −iz v (u, 0) = 0 for all u ∈ R, we have that ϑ, g and F are well defined in a neighborhood of the real axis.
On the other hand, a simple computation using (2.4) leads to
which by Lemma 3, implies that
for a certain constant C > 0. Moreover, from (4.2) and (4.7) we have the relation
Thus, if there existed some u 0 ∈ R such that b (u 0 ), b (u 0 ) = 0, since z w (u 0 , 0) = 0 we deduce from (4.9) that F w (u 0 ) = 0.
In that case, as F (u, 0) = 0 for every u ∈ R, nodal theory (cf. Corollary 2 in [19] ) applied to (4.8) would guarantee the existence of two crossing nodal curves of F at u 0 . This would contradict the fact that the singularity at the origin is isolated, and more specifically, the fact that ψ(u, v) is a spacelike immersion in Γ R .
Finally, we are going to prove that the limit null curve b(u) is embedded. We deduce from Lemma 1 that g(u, 0) : R/(2πZ) → S 1 ⊂ C is injective, where 
from where we deduce that b(u) = b 3 (u)(g, 1) is a closed embedded curve since b 3 (u) = 0. This concludes the proof of Lemma 4.
Remark 1. In the situation above, since ϑ is well defined along the real line, we have from (4.6) that g w vanishes identically at R. In addition, since |g w (u, 0)| = 0 from (4.9), we obtain that the Gaussian curvature of the graph (cf. 4.3. The canonical conformal parametrization. Let us point out that the conformal parametrization (4.1) for the graph z = z(x, y) is not unique. Indeed, assume that ζ = ζ(w) is a 2π-periodic biholomorphism ζ(w) : V ⊂ Γ R → Γ R between a region V ⊂ Γ R such that exists Γ R ⊂ V, for some R > 0 small enough, and some other Γ R , R > 0. Then,
is also a conformal parametrization of the graph z = z(x, y) around its isolated singularity at the origin.
In addition, it can be easily checked that the limit null curve b(u) at the singularity (see Definition 2) associated to some conformal parameters (u, v) really depends on this choice of a conformal parametrization for the graph z = z(x, y).
Nonetheless, in the case that z(x, y) is real analytic, we can use Lemma 4 to fix a specific conformal parametrization for its graph. Specifically, in the proof of Lemma 4 we showed that for any conformal parametrization (4.1), the Gauss map at the singularity in these conformal parameters, given by g(u, 0), is a real analytic bijective map g(u, 0) : R/(2πZ) → S 1 ⊂ C with |g (u, 0)| = 0 for every u. Let s = s(u) be the reparametrization of g(u, 0) such that g(u, 0) = g(s(u), 0) where g(s, 0) = cos s + i sin s, and let ζ(w) denote the holomorphic extension of s(u), i.e. the unique holomorphic function with ζ(u, 0) = s(u) for every u ∈ R. We note that ζ(u) exists by real analyticity of g(u, 0). Moreover, by the 2π-periodicity of g(u, 0) it is clear that ζ(w) defines a biholomorphism between some V ⊂ Γ R , with Γ R ⊂ V for R > 0 small enough, and some other Γ R , R > 0. In other words, we can choose the conformal parameters (u, v) in (4.1) in such a way that g(u, 0) = cos u + i sin u. Besides, it easily follows from (4.10) that in these conditions the limit null curve b(u) of the graph z = z(x, y) with respect to this specific conformal parametrization is given by
− , for some real analytic, nowhere vanishing 2π-periodic function A(u) (the fact that A(u) = 0 comes directly from the fact proven above that b(u) = 0 at every u ∈ R).
As a consequence we obtain the next lemma.
Lemma 5. Assume H ∈ C ω (O), H > 0, and let z ∈ C 2 (Ω) be an elliptic solution to (1.1) whose associated conformal structure is that of an annulus. Then, z ∈ C ω (Ω) and there exists a unique 2π-periodic conformal parametrization
of the graph z = z(x, y) around the origin such that ψ extends analytically to Γ R ∪R with ψ v (u, 0) = A(u) (cos u, − sin u, 1)
for some nowhere vanishing 2π-periodic real analytic function A(u).
We need to observe here that the uniqueness stated by Lemma 5 takes into account the identification that we referred to in the introduction, that is, that two solutions to (1.1) that overlap on a punctured neighborhood of the isolated singularity are considered to be equal.
Definition 3. We call ψ(u, v) : Γ R → L 3 in Lemma 5 the canonical conformal parametrization of the graph of the solution z ∈ C ω (Ω) to (1.1).
Existence of conelike singularities with prescribed mean curvature
In this section we prove an existence theorem for solutions to (1.1) with a nonremovable isolated singularity at the origin, by prescribing the limit null curve of the solution at the singularity with respect to its canonical conformal structure.
, H > 0, and let A : R → R\{0} be a 2π-periodic, real analytic function. Then, there exists a real analytic solution z ∈ C ω (Ω)∪C 0 (Ω) to (1.1) defined on some punctured disk Ω around the origin, such that:
(1) The origin is a non-removable isolated singularity of z.
(2) The limit null curve of z = z(x, y) at the origin with respect to its canonical conformal structure is given by b(u) = A(u)(cos u, − sin u, 1), u ∈ R. 
where H and b(u) are given as in the statement of Theorem 2. By uniqueness, such a solution ψ is 2π-periodic, and hence it can be defined in a horizontal quotient strip Γ R := {(u, v) : −R < v < R}/(2πZ), for R > 0 small enough. We will keep the usual notation for Γ R , i.e. Γ R = Γ R ∩ {v > 0}.
The proof of the theorem will follow by proving the following claims.
Moreover, around points where ψ u , ψ u > 0 the map ψ defines a conformally immersed spacelike surface in L 3 whose mean curvature H is given by H(u, v) = H(ψ(u, v)).
Proof of Claim 1. The conformal equations (5.2) are equivalent to the complex equation ψ w , ψ w = 0, where w = u + iv. Note that by the initial conditions imposed in (5.1), we have ψ w , ψ w (u, 0) = 0 for every u. Moreover, from the PDE in (5.1) we see that ψ ww , ψ w = 0, i.e. ψ w , ψ w is holomorphic. Since this function vanishes along the real axis, we deduce that ψ w , ψ w (w) = 0 globally on Γ R , as wished.
Finally, around points where ψ u , ψ u > 0 it is clear that ψ is a spacelike conformal immersion, which therefore satisfies the system (2.3) with respect to its mean curvature function H = H(u, v). Comparing (5.1) with (2.3) we conclude that H(u, v) = H(ψ (u, v) ). This proves Claim 1.
Proof of Claim 2. By (5.1), and assuming that b(u) is as in the statement of the theorem, we have
So, denoting (n 1 , n 2 , n 3 ) := ψ u ×ψ v we have n 3 (u, 0) = 0 and (n 3 ) v (u, 0) = A(u) 2 > 0. Then, if we write ψ = (x, y, z), we deduce that x u y v − x v y u = n 3 > 0 in some Γ R with R ∈ (0, R). This proves that ψ : Γ R → L 3 is a local graph in the vertical direction, and in particular an immersion. Finally, that the immersion ψ : Γ R → L 3 is spacelike is easily deduced from the conformal conditions (5.2). This proves Claim 2. we obtain that the immersion ψ(u, v) is tangent to the one of the null cones. A standard topological argument asserts that Φ −1 is a covering map from an adequate open set U ⊂ Γ R , with Γ R ⊂ U for R small enough, onto a punctured neighborhood of the origin. So, in order to prove Claim 3 we need to show that the number of sheets of this covering is one.
From the expression of b(u) and (4.7) we obtain that g(u, v) is real analytic up to the real axis and g(u, 0) = cos u+i sin u. Hence, for every closed curve γ ⊂ Γ R ∪R homotopic to the circle given by the real axis satisfies that the degree of (g/|g|)(γ) is one.
Since ψ(u, v) is tangent to one of the null cones, we can assume, for instance, that it is tangent to N 2 + . Thus, observe that the number of sheets of the covering map Φ −1 is equal to the degree of the planar curve γ ε given by ψ(u, v)∩{z = ε}, for ε > 0 small enough. Again, as explained in the proof of Lemma 1, the degree of this planar curve can be computed as the degree of (µ/|µ|)(γ ε ) = (g/|g|)(γ ε ). Therefore, Φ −1 is a diffeomorphism from U onto its image as we wanted to show.
With all of this, we have obtained a function z ∈ C ω (Ω) ∪ C 0 (Ω) such that its graph z = z(x, y) in L 3 can be conformally parametrized by the map ψ(u, v) : Γ R → L 3 that solves (5.1). As proved in Claim 1, the graph has prescribed mean curvature given by H; thus, z is an elliptic solution to (1.1), with an isolated singularity at the origin, and z(0, 0) = 0 (since ψ(u, 0) = (0, 0, 0)). This singularity is non-removable since the induced conformal structure is that of an annulus. From Remark 1 z xx z yy − z 2 xy does not vanish around the origin since the Gaussian curvature of the graph blows up at the origin.
Moreover, again by the initial conditions in (5.1) and the specific expression of b(u), we see that ψ(u, v) is indeed the canonical conformal parametrization of the graph z = z(x, y) (see Definition 3), and that b(u) is its limit null curve for this parametrization. This finishes the proof of Theorem 2.
Classification Theorem and examples
We next use our results of the previous sections to deduce the classification result for non-removable isolated singularities of elliptic solutions to (1.1) stated in Theorem 1. Theorem 3 below gives a more specific statement for such theorem.
